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PCA
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Data matrix A œ Rn◊m

“Covariance matrix” S = ATA œ Rm◊m.

S is symmetric positive semi-definite.

Spectral Theorem: there exists an orthonormal basis
v1, . . . , vm ofRm such that the vi’s are eigenvectors of S
associated with the eigenvalues ⁄1 Ø · · · Ø ⁄m Ø 0.

'-

y
-

Exercise : Show ranks) = rankA) Eet
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consequence : da 's . - > dr >o{↳ = - - - =dm=0



Singular values/vectors
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For i = 1, . . . , m:
we define ‡i =

Ô
⁄i, called the ith singular value ofA.

we call vj the ith right singular vector ofA.

→ square
roots of eigenvalues of ATA
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whataboeettheleftsingedaevectors2.be
define Ern

for a -- a, .. ,r neo = ÷@oiJEiRnthesingeeethafefforofA.If
r s n : we are going to add vectors een. . . -un

in order to get an orthonormal basis Cue- een) of IR"



Singular Value decomposition
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Theorem
LetA œ Rn◊m. Then there exists two orthogonal matrices
U œ Rn◊n and V œ Rm◊m and amatrix� œ Rn◊m such that
�1,1 Ø �2,2 Ø · · · Ø 0 and�i,j = 0 for i ”= j, that verify

A = U�V T.
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Geometric interpretation of U�V T
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→

rotation
i proton"①
If ) ¥t rotationscaling


